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We consider a quantum-gate mechanism based on electron spins in coupled semiconductor quantum dots.
Such gates provide a general source of spin entanglement and can be used for quantum computers. We
determine the exchange couplidgin the effective Heisenberg model as a function of magneBig &énd
electric fields, and of the interdot distanaewithin the Heitler-London approximation of molecular physics.

This result is refined by usingp hybridization, and by the Hund-Mulliken molecular-orbit approach, which
leads to an extended Hubbard description for the two-dot system that shows a remarkable deperBemze on

a due to the long-range Coulomb interaction. We find that the exchaebanges sign at a finite fielteading

to a pronounced jump in the magnetizadi@and then decays exponentially. The magnetization and the spin
susceptibilities of the coupled dots are calculated. We show that the dephasing due to nuclear spins in GaAs
can be strongly suppressed by dynamical nuclear-spin polarization and/or by magnetic fields.
[S0163-182699)01003-§

[. INTRODUCTION alternative proposals also based on quantum ¥of,in
which it is the charge (orbital) degrees of freedom out of

Semiconductor quantum dots, sometimes referred to aghich a qubit is formed and represented in terms of a
artificial atoms, are small devices in which charge carriergseudospin-1/2. However, there are two immediate advan-
are confined in all three dimensiohsThe confinement is tages of real spin over pseudospin: First, the qubit repre-
usually achieved by electrical gating and/or etching techSented by a real spin-1/2 is always a well-defined qubit; the
niques applied, e.g., to a two-dimensional electron ga&wo-dimensional Hilbert space is the entire space available,
(2DEG). Since the dimensions of quantum dots are on thdhus there are no extra dimensions into which the qubit state
order of the Fermi wavelength, their electronic spectrumcould “leak.” ?? Second, during a quantum computation,
consists of discrete energy levels that have been studied fhase coherence of the qubits must be preserved. Itis thus an
great detail in conductant®é and spectroscopy essential advantage of real spins that their dephasing times in
measurements® In GaAs heterostructures the number of GaAS can be on the order of microsecofitishereas for
electrons in the dots can be changed one-by-one startingharge degrees of freedom dephasing times are typically
from zero® Typical laboratory magnetic field8(1 T) cor- much less, on the order of nanosecofftis.
respond to magnetic lengths on the ordet £ 10 nm, be- In addition to a well-defined qublt,_ we also need_a con-
ing much larger than the Bohr radius of real atoms but of thdrollable “source of entanglement,” i.e., a mechanism by
same size as artificial atoms. As a consequence, the dot spetébich two specified qubits at a time can be entarled as
trum depends strongly on the applied magnetic flefiin ~ to produce the fundamental quantuxor [or controlled-
coupled quantum dots, which can be considered to some eXOT] gate operation, represented by a unitary operator
tent as artificial molecules, Coulomb blockade efféesd ~ Uxor. * This can be achieved by temporarily coupling two
magnetizatiohhave been observed, as well as the formatiorSPins.~ As we will show in detail below, due to the Coulomb
of a delocalized “molecular state ® interaction and the Pauli exclusion principle the ground state

Motivated by the rapid down scaling of integrated cir- Of two coupled electrons is a spin singlet, i.e., a highly en-
cuits, there has been continued interest in classical logic déangled spin state. This physical picture translates into an
vices made of electrostatically coupled quantum ddttore ~ €xchange coupling(t) between the two spin§, and S,
recently, the discovery of new principles of computationdescribed by a Heisenberg Hamiltonian
based on quantum mechariithas led to the idet?bof using
coupled quantum dots for quantum computatiormany _ )
other proposed implementations have been explored, involv- HO=JOS S. @
ing NMR,*>"*trapped iong? cavity QED?® and Josephson
junctions!” Solid-state devices open up the possibility of If the exchange coupling is pulsed such thiatt J(t)/%
fabricating large integrated networks that would be required=Jo7s/fi = (mod 2rr), the associated unitary time evolu-
for realistic applications of quantum computers. A basic feation U(t)=T exfiftH{r)d7/%] corresponds to the
ture of the quantum-dot scenaftds to consider thelectron ~ “swap” operatorUy,,, which simply exchanges the quantum
spin S as the qubitthe qubit being the basic unit of infor- states of qubit 1 and &. Furthermore, the quantuor can
mation in the quantum compuiefThis stands in contrast to be obtaine by applying the sequence dir/
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2)Sexf —i(m2) S5V exp(nS)UT2=Uyor, ie., a
combination of “square-root of swapUi\’,f and single-qubit
rotations exp@@S)), etc. Sincelyog (combined with single-
qubit rotationg is proven to be a universal quantum g4té®
it can, therefore, be used to assemble any quantum algo-
rithm. Thus, the study of a quanturDR gate is essentially
reduced to the study of thexchange mechanisamd how the
exchange couplingl(t) can be controlled experimentally.
We wish to emphasize that the switchable coupling mecha-
nism described in the following need not be confined to
guantum dots: the same principle can be applied to other
systems, €.9., cgupled gtoms In a Bravais Iatt|(?eé oyerlapplnger dot. Each electron is confined to thy plane. The spins of the
shallow donprs in semiconductors such as P if $ind so electrons in dots 1 and 2 are denotedyandS,. The magnetic
on. The main reason to concentrate here on quantum dots ig|q g is perpendicular to the plane, i.e., along thaxis, and the
that these systems are at the center of many ongoing expedectric fieldE is in plane and along the axis. The quartic poten-
mental investigations in mesoscopic physics, and thus thengl is given in Eq.(3) and is used to model the coupling of two
seems to be reasonable hope that these systems can be maaenonic wells centered at+a,0,0). The exchange coupling
into quantum gates functioning along the lines proposedbetween the spins is a function Bf E, and the interdot distance
here. 2a.
In view of this motivation we study in the following the
spin dynamics of two laterally coupled quantum dots con-
taining a single electron each. We show that the exchange We consider a system of two |atera||y Coup|ed quantum
coupling J(B,E,a) can be controlled by a magnetic fiesBl  dots containing ongconduction band electron eachsee
(leading to wave-function compressjoror by an electric  Fig. 1). It is essential that the electrons are allowed to tunnel
field E (leading to level detuningor by varying the barrier between the dots, and that the total wave function of the
height or equivalently the interdot distanca Beading to a coupled system must be antisymmetric. It is this fact that
suppression of tunneling between the doThe dependence introduces correlations between the spins via the ch@nge
on these parameters is of direct practical interest, since fital) degrees of freedom. For definiteness we shall use in the
opens the door to tailoring the exchantf¢) for the specific  following the parameter values recently determined for
purpose of creating quantum gates. We further calculate thsingle GaAs heterostructure quantum doitst are formed in
static and dynamical magnetization responses in the presenae2DEG; this choice is not crucial for the following analysis
of perpendicular and parallel magnetic fields, and show thaput it allows us to illustrate our analytical results with real-
they give experimentally accessible information about thastic numbers. The Hamiltonian for the coupled system is
exchangeJ. Our analysis is based on an adaptation ofthen given by
Heitler-London and Hund-Mulliken variational techniqgéies
to parabolically confined c_oupled guantum dots. In partic_u— H= E hi+C+Hy=Hgu+Hy,
lar, we present an extension of the Hubbard approximation i=1,2
induced by the long-range Coulomb interaction. We find a

quantum dot
Ex

FIG. 1. Two coupled quantum dots with one valence electron

Il. MODEL FOR THE QUANTUM GATE

striking dependence of the Hubbard parameters on the mag- 1 e 2

netic field and interdot distance, which is of relevance also hi:ﬁ( Pi— A | +exE+V(r), 2
for atomic-scale Hubbard physics in the presence of long-

range Coulomb interactions. Finally, we discuss the effects g2

of dephasing induced by nuclear spins in GaAs and show = m

that dephasing can be strongly reduced by dynamically po-
larizing the nuclear spins and/or by magnetic fields. The single-particle Hamiltoniah; describes the electron dy-
The paper is organized as follows. In Sec. Il we introducenamics confined to thay-plane. The electrons have an ef-
the model for the quantum gate in terms of coupled dots. Ifective massn (m=0.067m, in GaAs and carry a spin-1/2
Sec. lll we calculate the exchange coupling first in thes . The dielectric constant in GaAs is=13.1. We allow for
Heitler-London and then in the Hund-Mulliken approach.a magnetic field8=(0,0B) applied along the axis, which
There we also discuss the Hubbard limit and the new featuregouples to the electron charge via the vector poteritial)
arising from the long-range nature of the Coulomb interac-z(B/z)(_%X,o)_ We also allow for an electric fiell ap-
tions. In Sec. IV we consider the effects of imperfectionsp"ed in p|ane a|ong the direction, i.e., a|ong the line con-
leading to dephasing and gate errors; in particular, we comecting the centers of the dots. The coupling of the dots

sider dephasing resulting from nuclear spins in GaAs. Impliqwhich includes tunnelingis modeled by a quartic potential,
cations for experiments on magnetization and spin suscepti-

bilities are presented in Sec. V, and Sec. VI contains some 5
concluding remarks on the networks of gates with some sug- VXy)=—- Q(Xz—az)zﬂlz : (©)
gestions for single-qubit gates operated by local magnetic

fields. Finally, we mention that a preliminary account of which separateffor x around=a) into two harmonic wells
some of the results presented here has been given in Ref. 38 frequencywg, one for each dot, in the limit of large in-
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terdot distance, i.e., for&>2ag, wherea is half the dis- 7 wg~meV in our quantum dot is about a thousand times
tance between the centers of the dots, age Vi/mwg is ~ smaller than the energies (RgV) in a hydrogen atom,
the effective Bohr radius of a single isolated harmonic well.whereas the quantum dot is larger by about the same factor.
This choice for the potential is motivated by the experimen-This is important because their size makes quantum dots
tal facP that the spectrum of single dots in GaAs is well much more susceptible to magnetic fields than atoms. In
described by a parabolic confinement potential, e.g., witnalogy to atomic physics, we call the size of the electron
hwo=3 meV® We note that increasinglecreasingthe in- orbltals. in a quantum.d'ot the thr radius, although it is
terdot distance is physically equivalent to raisifawering determined l_ay the confmmg potential rather than by the Cou-
the interdot barrier, which can be achieved experimentallyjomb attraction to a positively charged nucleus. For har-

by, e.g., applying a gate voltage between the 8dtsus, the monic confinementg=v#i/Mmawq is about 20 nm fork wq

effect of such gate voltages is described in our model simply:3 meV.

by a change of the interdot distanca.2Ne also note that it
is only for simplicity that we choose the two dots to be lll. EXCHANGE ENERGY
exactly identical, and no qualitative changes will occur in the
following analysis if the dots are only approximately equal
and approximately of parabolic shape. We consider first the Heitler-London approximation, and
The (bare Coulomb interaction between the two electronsthen refine this approach by including hybridization as well
is described byC. The screening length in almost depleted @S double occupancy in a Hund-Mulliken approach, which
regions like few-electron quantum dots can be expected to b\e('” finally I.ead us to an extension of th? H.ubbard descrip-
much larger than the bulk 2DEG screening lengtinich is tion. We will see, however, that the qualitative featured of

: - as a function of the control parameters are already captured
;gzug? (t)hgn:::)rzjS:?Ss-;:ggg;gfdjgrgfncgpzﬂzﬁ gc:):?e by the simplest Heitler-London approximation for the artifi-

and we will consider the limit of unscreened Coulomb inter-CIaI .hydrogen molecule dgscnbed by E2). In this approxi-
action (\/a>1) throughout this paper. mation, one starts from single-dot ground-state orbital wave

The magnetic fieldB also couples to the electron spins via functions ¢{r) and combines them into thentjsymmetric

the Zeeman terml;=gu2;B;- S, whereg is the effective two-particle orbital state vector
g factor (g~ —0.44 for GaAg, and ug the Bohr magneton.

The ratio between the Zeeman splitting and the relevant or- )= |12)=[21)
bital energies is small for aB values of interest here; in- EEENCTE 38
deed, gugB/fhwy=<0.03, for B<KBy=(hwg/ug)(M/mg)

~35T, and gugB/fiw <0.03, for B>B;, where .  the positive(negativé sign corresponding to the spin singlet
=eB/2mc is the Larmor frequency, and where we used(triplet) state, andS= [d?r @* (N ¢@_a(r)=(2|1) denoting
fiwy=3 meV. Thus, we can safely ignore the Zeeman splitthe overlap of the right and left orbitals. A nonvanishing
ting when we discuss the orbital degrees of freedom andverlap implies that the electrons tunnel between the dots
include it later into the effective spin Hamiltonian. Also, in (see also Sec. IlIB Here, @_a(r)=(r|1) and @, 4(r)

the few-electron system we are dealing with, spin-orbit ef-=(r|2) denote the one-particle orbitals centered rat
fects can be completely neglected sindg,/hwo~10"",  —(5a,0), and|ij)=|i)|j) are two-particle product states.
whereHg,= (wj/2mc®)L - S is the spin-orbit coupling of an  The exchange energy is then obtained throughe,— e,
electron in a parabolic confinement poteanaTI.’his has the =(¥_|Ho ¥ _)—(¥ , |Ho/ ¥, ). The single-dot orbitals
important implication that dephasing effects induced, e.g., bfor harmonic confinement in two dimensions in a perpen-
potential or charge fluctuations in the surroundings of thedicular magnetic field are the Fock-Darwin statesyhich
isolated dots can couple only to the charge of the electron sgre the usual harmonic oscillator states, magnetically com-
that they have very small influence on the phase coherenggessed by a factob=w/w,= J1+w?/w?, where o,

of the isolated spin itsefffor dephasing induced by coupling — cg/2mc denotes the Larmor frequency. The ground state
the dots see Sec. VIt is for this reason that it is preferable (energyh w=b# w,) centered at the origin is

to consider dots containing electrons instead of holes, since
holes will typically have a sizable spin-orbit interactibn.
PX,Y) =\ @ty
1 ﬁ .

A. Heitler-London approach

4

Finally, we assume a low-temperature description where
kT<7%wg, so that we can restrict ourselves to the two lowest
orbital eigenstates dfl,,;,, one of which is symmetri€spin . , ) . )
single and the other one antisymmetipin tripled. In this Shifting the smgle partlcle orbltals_tot(a,O) in the presence
reduced(four-dimensional Hilbert space,H,,, can be re- sz a magnetic field we obtaing.,(x,y)=exp(riya
placed by the effective Heisenberg spin Hamiltonidh, ~ 28)e(x*a,y). The phase factor involving the magnetic
HS:‘]SI' SZ: where the exchange energy: €~ € is the IengthIB= Vhc/eB is due to the gauge transformatima
difference between the triplet and singlet energy that we=B(—Yy,x+a,0)/2-=A=B(-y,x,0)/2. The matrix ele-
wish to calculate. The above model cannot be solved in aments ofH,;, needed to calculaté are found by adding and
analytically closed form. However, the analogy between atsubtracting the harmonic potential centeredxat—(+)a
oms and quantum dof@rtificial atoms$ provides us with a for electron 12) in H,y,, which then takes the forri
powerful set of variational methods from molecular physics= hga(r1)+h3a(r2)+w+ C, where hga(ri)z[pi
for finding €, and e;. Note that the typical energy scale —eA(r;)/c]?/2m+ mwg[(xiia)ZJr y?]/z is the Fock-

®
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FIG. 2. Exchange energy in units of meV plotted against the
magnetic fieldB (in units of Tesl3, as obtained from the-wave
Heitler-London approximatiofdashed ling Eg. (7), and the result
from the improvedsp-hybridized Heitler-London approximation
(triangles, which is obtained numerically as explained in the text.
Note that the qualitative behavior of the two curves is similar, i.e.,
they both have zeroes, tlewave approximation aB; , and the
sp-hybridized approximation aB5", and also both curves vanish
exponentially for large fieldsBy= (% wq/ug)(mMm/m,) denotes the
crossover field to magnetically dominated confinii®B,). The
curves are given for a confinement enefgy,=3 meV (implying
for the Coulomb parametec=2.42, and interdot distance
=0.7ag.

Darwin Hamiltonian shifted to £a,0), and W(x;X,)

=31 2V(X,Yi) — Maod[ (xy+a)2+ (x,—a)?+yi+y5]1/2.
We obtain

J=

2g? Re(12/C+W|21)
T ((120+W|12>—T ., (6)

where  the overlap becomes S=exp(—mwa/f
—a?hl4l gmw). Evaluation of the matrix elements 6f and
W yields (see also Ref. 30

J— ﬁwo
~ sinf 2d?(2b—1/b)]

cyble *Fig(bd?)

— 010 [d2(b— 1/b) ]} + 4%(1+ bd®) |, (7

where we introduce the dimensionless distanceal/ag,

J (meV) (a)

1.2\\\‘

0.6 .

AN ,B(T)
0.6
12

J (meV)
3 N

2

0.5 1 1.5d

FIG. 3. The exchange couplingobtained from Hund-Mulliken
(full line), Eq.(11), and from the extended Hubbard approximation
(dashed ling Eqg. (12). For comparison, we also plot the usual
Hubbard approximation where the long-range interaction rim
omitted, i.e.,J=4tf1/UH (dashed-dotted lineln (a), J is plotted as
a function of the magnetic fiel8 at the fixed interdot distanced (
=alag=0.7), and forc=2.42, in(b) as a function of the interdot
distanced=al/ag at zero field B=0), and againc=2.42. For
these parameter values, teavave Heitler-Londonl, Eg. (7), and
the Hund-MullikenJ (full line) are almost identical.

range Coulomb interaction, in particular by the negative
exchange term, the second term in HF). As B>By
(=3.5T for Awp=3 meV), the magnetic field compresses
the orbits by a factob~B/By>1 and thereby reduces the
overlap of the wave function§?= exd —2d*(2b—1/b) ], ex-
ponentially strongly. Similarly, the overlap decays exponen-
tially for large interdot distanced>1. Note however, that
this exponential suppression is partly compensated by the
exponentially growing exchange term{12/C|21)/S?
xexg2d’(b—1/b)]. As a result, the exchange couplidgle-

and | is the zeroth-order Bessel function. The first and SeCtays exponentially as exp@d?b) for largeb or d, as shown

ond terms in Eq(7) are due to the Coulomb interactidh

in Fig. 3(b) for B=0 (b=1). Thus, the exchange couplidg

where the exchange term enters with a minus sign. The pgan be tuned through zero and then suppressed to zero by a

rameterc=\/7/2(e?/ kag)/h wy (~2.4, forhwy=3 meV) is

magnetic field in a very efficient way. We note that our

the ratio between Coulomb and confining energy. The lasHeitler-London approximation breaks down explicithe., J

term comes from the confinement potenti@l The result
J(B) is plotted in Fig. 2(dashed ling Note that typically
|/ wo|=0.2. Also, we see that>0 for B=0, which must

becomes negative even whBr=0) for certain interdot dis-
tances whert exceeds 2.8. Finally, a similar singlet-triplet
crossing as a function of the magnetic field has been found in

be the case for a two-particle system that is time-reversaingle dots with two electrong?

invariant?® The most remarkable feature 8(B), however,
is the change of sign from positive to negativeBat B ,
which occurs over a wide range of paramete@nda. This
singlet-triplet crossing occurs at aboBf =1.3 T for i w,
=3 meV (c=2.42) andd=0.7. The transition from antifer-
romagnetic §>0) to ferromagnetic J<0) spin-spin cou-

The exchange energyalso depends on the applied elec-
tric field E. The additional terne(x; + X,)E in the potential
merely shifts the one-particle orbitals hy<=eE/mw§, rais-
ing the energy of both the singlet and triplet states. Since the
singlet energy turns out to be less affected by this shift than
the triplet, the exchange energdyincreases with increasing

pling with increasing magnetic field is caused by the long-E,
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hwg 31 [eEa\? exchange energfpolarizing the spinsonly in a narrow win-
J(B,E)=J(B,0)+ SN 2d%(2b—1/0)] 2 & \ g dow (about 0.1 T widgaroundB:" and again for high fields
(8) (B>4T).

B. Hund-Mulliken approach and Hubbard limit
the increase being proportional taw3(Ax)2. (We note that

this increase 0f(B,E) is qualitatively consistent with what
one finds from a standard two-level approximation of a 1D

We turn now to the Hund-Mulliken method of molecular
orbits2® which extends the Heitler-London approach by in-
e . ) cluding also the two doubly occupied states, which both are
double-well potentiajwith J(B,0) being the effective tunnel g, singlets. This extends the orbital Hilbert space from two
splitting] in the presence of a bias given bfa) The varia- (4 four dimensions. First, the single-particle states have to be
tional ansatz leading to E@8) is expected to remain accu- orthonormalized, leading to the state®.,=(¢.q
rate as long ad(B,E) —J(B,0)<J(B,0); for largerE fields —g¢-a)/JI—2Sg+g? whereS again denotes the overlap

the levels of the dots get completely detuned and the overlags @_a With ¢, andg=(1— J1—S?)/S. Then, diagonal-
of the wave functiongi.e., the coherent tunnelindpetween  jzation of

the dots is suppressed. Of course, a sufficiently large electric

field will eventually force both electrons on to the same dot, U X —V2ty O
which is the case wheaEa exceeds the on-site repulsion X U it 0

. . . . H
U[>J(B,E=0), see below However, this situation, which Hop=2€+ . (9
would correspond to a quantum-dot helidiis not of inter- —V2ty —vaty V. 0
est in the present context. Conversely, in case of dots of 0 0 0 V_

different size(or shapgwhere the energy levels need not be g

aligneda priori, an appropriate electric field can be used toin the space spanned BY~. ,(r;,r;)=®.4(r)P4(r2),
match the levels of the two dots, thus allowing coherent tun¥5.(r1,r2) =[ @ 5(r) P _a(r2) =@ _,(r) P 5(rp)1/v2
neling even in those systems. Recent conductancgields the eigenvalues,.=2e+Uy/2+V  * \/UHZ/4wL 4t2H,
measuremenion coupled dots of different sizgontaining €s=2e+Uy—2X+V, (singled, ande,;=2e+V_ (triplet),
several electronswith electrostatic tuning have revealed where the quantities

clear evidence for a delocalized molecular state.

A shortcoming of the simple approximation described e=(®_,|h% D),
above is that solely ground-state single-particle orbitals were
taken into account and mixing with excited one-particle ty=t=w=(D.,[n | D) —(¥I|C|¥I )2,
states due to interaction is neglected. This approximation is - -
self-consistent ifJ<Ae, where Ae denotes the single- V=V_—V, =(FS[C]¥S)— (¥ [C|¥S),

particle level separation between the ground state and the
first excited state. We findJ/Ae|<0.25 at low fieldsB
<1.75 T, thereforeJ(B) is at least qualitatively correct in
this regime. At higher field$J/Ae|~1, indicating substan- g g < s
tial mixing with higher orbitals. An improved Heitler- Up=U—V, +X=(P5,[ClVI ) —(¥i[C|VT)
London variational ansatz is obtained by introducing d d

sp-hybridized single-dot orbitalgin analogy to molecular (Wl ClYZa), (10

physics, i.e., ¢=pst app+iBep ., Whereps=¢ is thes  a|| depend on the magnetic fieBl The exchange energy is

orbital introduced above,gp,=(2/m)Mwg exp(-mwr’  the gap between the lowest singlet and the triplet state
2n)lt, q=x,y, are the lowest two Fock-Darwin excited

states(at zero field with angular momentuny’|=1, anda Uy
and B are real variational parameters to be determined by J=e—e=V—— 45 yUh+ 18, (11)
minimization of the singlet and triplet energieg(«, ),
which is done numerically. The,, are chosen to be real; In the standard Hubbard approach for short-range Coulomb
they are, however, not eigenstates of the single-particlinteractions(and without theB field)?® J reduces to—U/2
Hamiltonian, which arep,*~igy, (with eigenenergy 20  +./U%+16t%/2, wheret denotes the hopping-matrix ele-
*fiw ). Note that whilees; decrease only by=1% due to  ment, andJ the on-site repulsiofcf. Eq.(10)]. Thus,t, and
hybridization, the relative variation af= €,— €5 can still be Uy, are the extended hopping-matrix element and the on-site
substantial. Nevertheless, the resulting exchange en¥fgy repulsion, respectively, renormalized by long-range Cou-
(Fig. 2) is only quantitatively different from the pusewave lomb interactions. The remaining two singlet energigs
resultd=J% Eq.(7). At low fields, J°’<J® and the change of and e, are separated frorg and e, by a gap of ordetJ,
sign occurs already at aboBfP~0.4 T<B; . At high fields, and are, therefore, neglected for the study of low-energy
J®P shows a much more pronounced decay as a function groperties. The evaluation of the matrix elements is straight-
B. forward but lengthy, and we give the results in the Appendix.
Being a completely orbital effect, the exchange interac-Typically, the “Hubbard ratio”t, /U is less than 1, e.qg., if
tion between spins of course competes with the Zeeman cow=0.7, A wy=3 meV, andB=0, we obtaint,/U,4=0.34,
pling H; of the spins to the magnetic field. In our case,and it decreases with increasiBg Therefore, we are in an
however, the Zeeman enerdy, is small and exceeds the extended Hubbard limit, wher& takes the form

X:<\Ifia|C|\If%a>,
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4t Here, A is a hyperfine coupling)==N ;10 is the total
+V. (120 nuclear spin, ant,=gugB,, b,=gnunB, (gy and uy de-
note the nucleag factor and magnetgnConsider the initial
The first term has the form of the standard Hubbard€igenstatei) of Ho, which we will consider to be one basis
approximatio® (invoked previousl¥) but with t,, and U, vector for the qubit, where the electron spin is (ipthe S,
being renormalized by long-range Coulomb interactions. Thasig, and the nuclear spins are in a product state {6f
second termV is new and accounts for the difference in €igenstates with totdl,=pNI (—1<p=<1), i.e., in a state
Coulomb energy between the singly occupied singlet andvith polarizationp along thez axis; herep= =1 means that
triplet statesV'S . It is precisely thisv that makes) negative ~ the nuclear spins are fully polarized in the positinegative
for high magnetic fields, wherea/U,,>0 for all values of ~ Z diréction, ando=0 means no polarization. Due to the hy-
B [see Fig. 8)]. Thus, the usual Hubbard approximation Perfine coupling the electron spin can flip., dephasewith
(i.e., withoutV) would not give reliable results, neither for the entire system going into a final stakg, which is again
the B dependencgFig. 3] nor for the dependence on the & product state put now Wlth_the eIectron-splrgk)down, and,
interdot distance [Fig. 3(b)].% Since only the singlet space due to conservation of total spin, tagomponent ;™ of one
has been enlarged, it is clear that we obtain a lower single?nd only one nuclear spin having increased ks=2. All
energye, than that from thes-wave Heitler-London calcula- final statesk) are degenerate and again eigenstatesi of
tion, but the same triplet energyg, and, therefore)J=¢, ~ With eigenenergyE;. We will consider this process now
— € exceeds thes-wave Heitler-London resulfEq. (7)].  Within the time-dependent perturbation theory and up to sec-
However, the on-site Coulomb repulsittwc strongly sup- qnd order inV. The energy difference between initial and
presses the doubly occupied statie$, and already for the final states amounts t;— E;~2s[A(pIN+s) + b, ], where
value of c=2.4 (corresponding tdiw,=3 meV) we obtain We have used thdt,>b,. For the reversed process with an
almost perfect agreement with treewave Heitler-London  €lectron-spin flip from down to up but with the same initial
result(Fig. 2. For large fields, i.e B>B,, the suppression polarization for the nuclear spins the energy difference is
becomes even stronged ¢ \B) because the electron orbits =~ —2S[A(PIN—s)+Db,]. The total transition probability to
become compressed with increasBgnd two electrons on leave the initial stat¢i) after timet has elapsed is then
the same dot are confined to a smaller area leading to an

increased Coulomb energy. P.(t) = 2 sinl (Es—Ej)t/2#i])?
()=

J:U_H

V|2
E—E 2 [KIVIDP. (14

IV. DEPHASING AND QUANTUM-GATE ERRORS We interpret this total transition probabiliy;(t) as the de-

We allow now for imperfections and discuss first the 9ree of decoherence caused by spin-flip processes over time
dephasing resulting from coupling to the environment, and- Now, [(k|V[i)[P=A[1(1+1)—=189(1%9+1)]/4. Assuming
then address briefly the issue of errors during the quantunfome distribution of the nuclear spins we can replace this
gate operation. We have already pointed out that dephasin@atrix element by its average valédenoted by brackets
in the charge sector will have little effect on thencoupledd ~ where \/((IZ( Ej)2> describes then the variance of the mean
spins due to the smallness of the spin-orbit interaction. Simivalue (1%)=pl. For example, a Poissonian distribution
larly, the dipolar interaction between the qubit spin and thegives|(k|V|i)|?~A?[1(I+1)— pl(pl+1)]/4, in which case
surrounding spins is also minute, and it can be estimated afe matrix element vanishes for full polarization parallel to
(gus)¥a3~10"° meV. Although both couplings are ex- the electron spifi.e., p=1), as required by conservation of
tremely small, they will eventually lead to dephasing for suf-total spin. P;(t) is strongly suppressed for final states for
ficiently long times. We have described such weak-couplingvhich ty=2n#%/|E;— E;|<t, which simply reflects conser-
dephasing in terms of a reduced master equation elsewhereyation of energy. In particular, for a substantial nuclear po-
and we refer the interested reader to this work. Since thiarization, i.e.,p?N>1, P;(t) oscillates in time but with the
type of dephasing is small it can be eliminated by error corvanishingly small amplitude p?N (for B=0). We can esti-
rection scheme¥. mateN to be on the order of the number of atoms per quan-

Next, we consider the dephasing due to nuclear spins ifum dot, which is about £0 Such a situation withp?N>1
GaAs semiconductors, where both Ga and As possess gan be established by dynamically spin polarizing the
nuclear spinl =3/2. There is a sizable hyperfine coupling nuclear spin§Overhauser effegte.g., via optical pumping
between the electron-spirs€ 1/2) and all the nuclear spins or via spin-polarized currents at the edge of a 2DEGhis
in the quantum dot, which might easily lead to a flip of the gives rise to an effective nuclear field,=ApNIl/gug,
electron spin and thus cause an error in the quantum compwhich is reported to be as large BS =4 T in GaAs(corre-
tation. We shall now estimate this effect and show that it carsponding top=0.85,%° and which has a lifetime on the order

be substantially reduced by spin polarization or by a fieldof minutes® Alternatively, for unpolarized nuclei withp

We consider an electron spii in contact withN nuclear =g put a fieldB in the Tesla range, the amplitude Bf(t)
spinsI®) in the presence of a magnetic fieBlz. The cor-  vanishes asAIN/gusB)%/N~(B*/B)%N<1. ForB or B,
responding Hamiltonian is given b=AS-1+b,S,+b,I, =1T the oscillation frequency ty of P;(t) is about 10
=Hg+V, where GHz. Thus, spin-flip processes and hence, dephasing due to
nuclear spins can be strongly suppressed, either by dynami-
Ho=AS,,+b,S,+b,l,, V=A(S.I_+S_1,)/2. cally polarizing the nuclear spins and/or by applying a mag-

(13 netic field B. The remaining dephasing effectdescribed
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again by a weak-coupling master equatirshould then be  J (meV) M/ pg
small enough to be eliminated by error correction. '

We now address the imperfections of the quantum-gate M
operation. For this we note first that, for the purpose of quan- 0.2 10
tum computing, the qubits must be coupled only for the short
time of switchingrs, while most of the time there is to be no 0

coupling between the dots. We estimate now how small we 0 w
can chooserg. For this we consider a scenario whele ]

(initially zero) is adiabatically switched on and off again dur- _() 2 sp J°P -10
ing the timerg, e.g., by an electrical gate by which we lower B*

and then raise again the barriéft) between the dot&alter- 0.4

natively, we can vanB, a, or E). A typical frequency scale  ~* 0 0.5 1 1.5 B (T)

durlrlltg .SW,::]Chmghls gl;/ten byl_thebei(changtﬁ eget:(!imlchd FIG. 4. The equilibrium magnetizatiddl (box-shaped symbaols
results in the coherent tunneling between the caverage in units of Bohr magnetongg as a function of magnetic field is

over the time interval of switching)=(1/75)[*dtJ(t).  obtained numerically from thep-hybridized Heitler-London ap-
Adiabaticity then requires that many coherent oscillationsproximation. Note that the magnetization exhibits a jump at the

(characterized approximately @y have to take place in the field value B for which the exchangel** (triangle symbols

double-well system while the control parameter V, B, a, c_hanges sign. At the _Ieft- and r_ight-hand side_ of the jump the nega-
or E is being changed, i.e., ﬂJw|v/v|<J_/ﬁ. If this crite- tive slope ofM (B) indicates orbital diamagnetism. The temperature

L. e . for this plot is T=0.2 K, while as beforehwy,=3 meV anda
rion is met, we can use our equilibrium analysis to calculate:O Tag

J(v) and then simply replacé(v) by J(v(t)) in case of a
time-dependent control parameteft).*! Note that this is
compatible with the requirement needed for #t@r opera-
tion J7s/A=nar, n odd, if we choosen>1. Our method of

H H S
calculatingd is self-consistent ifl<Ae, whereAe denotes shor\]/vrl; '.S.F'%' : .3Othi p(g) and M are t?e re\iylts Otf t?ﬁ t
the single-particle level spacing. The combination of both> P-1yPricized Heitier-L.ondon approximation. Yve note tha

_ - . — _ _ . the equilibrium magnetizatioM (B) is strongly dominated
:neqluahtles bylelds ,Ha<§/ﬁ<A€h/ﬁ’ |._e.,hr10 h|g_he|r|—ly|ng by the orbital responsévia the exchangd); we find a dia-
evels can be excited during the switching. Finally, since ; : <RSP :
typically J=0.2 meV we see thats should not be smaller magnetic respons@egative slope ok) for B<B,", which

i . : is followed by a pronounced jump in the magnetization at the
g:)in |aeb§#<; ?hougsaeN%V;’Sﬂur'iﬂgtggecﬁ'gjg:zgcg?d dggc?rri%(; d ield B3 followed again by a diamagnetic response. Experi-
P - dep 9 9 Mental observation of this jump would give evidence for the

¢ i I I 1 -
7y Can induce dephasing of SPin via an uncontro_lled fIUCtlJ_aexistence of the predicted singlet-triplet level-crossing at
tion 8J of the exchange coupling. However, this effect is

. ; : 3, and such measurements would allow one to “map out”
again small, and it can be estimated to be on the order o around the point where it can be tuned to zero. e.q.. by also
4/ 75~1072, since even for large dots, is reported to be . pol » €9, by

S tﬁ d ’ f HsThi 4 o b th varying the barrier between the dots. The magnetic moment
onn ervo;iver otirr;artlosenc(;)nn ' 'i siem? ﬂ? eir?dra her iRroduced by the orbital motion of the electrons in one pair of
conservative esimate and one can expect ine spin depnasiag, ied quantum dots at the pedk= B) is around 10uq

to be considerably smaller since not every charge-dephasi . . o :
event will affect the spin. Finally, weak dephasing of ther}a%neinightlgrgf;;?rr;aéfcgglljdplk;% f;&?ﬁ;;m dp(iltf;ed by using

effective spin Hamiltonian during switching has been de- A further way to get experimental information about the

scribed elsewheté in terms of a weak-coupling master exchange coupling would be to measure the spin response to
equation, which accounts explicitly for decoherence of the 9 piing P b

spins during the switching process. Based on this analysis, & 3¢ magnetic fieldin the Ime.ar-respons'e.re.glngede-

the probability for a gate error per gate operatidescribed scr!bed chy the dynamical spin suscepiibilitigg,(«)

by K, in Eq. (13) of Ref. 11 is estimated to be approxi- — (/%)Jodt exp(t)((SH).$(0)]), where mn=1,2, and

matelyrs/rj)~10‘2 or better(see above pP,.q=X,Y,z. Bgmg mterested in the spin response only,
we assume this ac field to be applied in plane so that there

is no orbital responséfor a sufficiently weak field with
no subband mixing We see then that all the transverse

Coherent coupling between the states of neighboring dot&Pin susceptibilitiesyh,* vanish, and we are left with
is the keystone of our proposal for the quantum-gate operahe longitudinal ones only, wherg = x¥in= Xrma=Xmn
tion, and experimental probes of this coupling will be very due to the rotational symmetry &fs. It is sufficient to con-
interesting to explore. The effect of the dot-dot couplingsider the dissipative pan;,,(w)=Im ymn{w) for which we
manifests itself in the level structure, which could be mea-obtain x],= x5,= — x1,= — x31= — (7/4)f(J,B)[ (fiw+J)
sured noninvasively with spectroscopic methd8#n alter-  — S(hw—J)], where  f(J,B)=(e’T—1)/[1+eYKT
native way is to measure the static magnetization in response 2 cosh@ugB/kT)]. Also, due to conservation of total spin,
to a magnetic field, which is applied along the axis. This  the total responsg;;+ x; as well as the response to a spa-
equilibrium magnetization is given byM=gug Tr(S] tially uniform field x;;+ xi» vanish. Thus, to observe the
+S%)e (HsTHIKT whereHy is given in Eq.(1), andH,  spin susceptibilities calculated here one needs to apply the
=gug2;B;-S is the Zeeman term. It is straightforward to fields locally or to measure the spin of a dot separately; both

evaluateM, and in Fig. 4 we ploM as a function oB for a
typical temperaturd =0.2 K. The exchangd®f(B) is also

V. EXPERIMENTAL IMPLICATIONS
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cases could be realized, e.g., by atomic- or magnetic-forcquantum dots as quantum gate devices, which can be oper-
microscopegsee also below, where we briefly discuss localated by magnetic fields and/or electric gatestween the
fields produced by field gradients dot9 to produce entanglement of qubits.

VI. CONCLUDING REMARKS ACKNOWLEDGMENTS
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the gate operation can be performed using uniform magnetic
fields (besides electric gatgswhile in a quantum computer ~ APPENDIX: HUND-MULLIKEN MATRIX ELEMENTS
with many gates, which have to be controlled individually, . . : .
local magnetic fields are indispensable, especially for the Here, we “St_ the explicit expressions for_the matrix ele'
single-qubit gate&“2 However, we emphasize that it is not €Nt defined in Eqg9) and (10) as a function of the di-
necessary that every single quantum dot in a network is dir_’nensmnlgss interdot distanaé=a/ag and the magnetic
rectly addressable with a local magnetic field. Indeed, usingompPression factom=y1+ wi/wy where w =eB/Zmc.
“swap” operationsUy,, any qubit state can be transported ' N€ single-particle matrix elements are given by
to a region where the single-qubit gate operation is per-

formed, and then back to its original location, without dis- = iLjL E s E+d2 +b (A1)
turbing this or other qubits. In one possible mode of opera- 32b%d*  81-S°\b ’

tion a constant fieldB, , defined byJ(B,)=0, is applied,

while smaller time-dependenocal fields then control the 3 s (1 .,

gate operations. We can envision local fields being achieved t=31-¢\p +a7), (A2)

by a large number of techniques: with neighboring magnetic

dots™* closure domains, a grid of current-carrying wires be-where we usedS=exd —d*(2b—1/b)]. The (two-particle
low the dots, tips of magnetic- or atomic-force microscopesCoulomb matrix elements can be expressed as

or by bringing the qubit into conta¢by shifting the dot via

electrical gatingwith a region containing magnetic moments V. =N*[4g%(1+S*)F;+(1+9?)F,+49?F3— 169°F 4],

or nuclear spins with different hyperfine coupling.g., (A3)
AlGaAs instead of GaAs and others. A related possibility . - )
would be to use magnetic field gradients. Single-qubit V_=N"(1-g9)“(F,—SFa), (A4)

switching times of the order of;~20 ps require a field of 1

T, and for an interdot distanceaz=30 nm, we would need ~ U=N*[(1+g*+29S?)F;+29°F,+29°S?F3—89°F ],
gradients of about 1 T/30 nm, which could be produced with (AS5)
commercial disk reading/writing headéThe operation of

severalxor gates via magnetic fields also requires gradientsX=N*[(1+g*)S*+2g?]F;+2g°F,+29°S°F 3~ 89°F,},

of similar magnitudsg. Alternatively, one could use an ac (AB)
magnetic fieldB,. and apply electron-spin resonan@SR . 5 ) 5
techniques to rotate spins with a single-qubit switching time w=NT-g(1+g%)(1+S)F;—g(1+g9)F;

(at resonangers~ 7h/B,.. To address the dots of an array —g(1+g?)SPF+ (1+6g2+g*) SFy], (A7)

individually with ESR, a magnetic field gradient is needed,

which can be estimated as follows. Assuming a relative ESRyith N=1/\/1—2Sg+g? andg= (1—1— S?)/S. Here, we
linewidth of 1% and again =30 nm we find abouB,. make use of the functions

x10* cm L. Field gradients in excitation sequences for

NMR up to 2x 10* G/cm have been generat&twhich al- F,=cyb, (A8)
lows for B,e~1 G. The resulting switching times, however,
are rather long, on the order of 100 ns, and larger field gra- F,=c be—be? lo(bd?), (A9)

dients would be desirable. Finally, such ESR techniques
could be employed to obtain information about the effective (b 1)) [ 2
exchange valued: the exchange coupling between the spins Fs=c\be lo[d“(b—1/b)], (A10)
leads to a shift in the spin-resonance frequency, which we
found to be of the order a¥/% by numerical analysi& — &b - o [9P

To conclude, we have calculated the exchange energy F4:c\/5e k;w (=1) |2k(Z(2b_1/b))
J(B,E,a) between spins of coupled quantum d@tsntain-
ing one electron eaglas a function of magnetic and electric d? 5
fields and interdot distance using the Heitler-London, hybrid- Xl 1 2} Vb 1)’ (A11)
ized Heitler-London, and Hund-Mulliken variational ap-
proach. We have shown tha¢B,E,a) changes sigireflect-  where |, denotes the Bessel function of tmé¢h order. For
ing a singlet-triplet crossingwith increasingB field before it our purposes, we can neglect terms wWikp>1 in the sumin
vanishes exponentially. Besides being of fundamental interF,, since forhwyo=3 meV, B<30 T, andd=0.7 the rela-
est, this dependence opens up the possibility to use coupléiye error introduced by doing so is less than 1%.
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